Introduction {#Sec1}
============

One of the biggest challenges of contemporary particle physics is the unambiguous identification of signs of beyond-the-standard-model physics. While high-energy experiments are mainly devoted to the search for new particles, high-statistics low-energy experiments can provide such a high precision that standard-model predictions can be seriously scrutinized. A particularly promising candidate for such an enterprise is the gyro-magnetic ratio of the muon; for a review see \[[@CR1]\]. Since the muon is an elementary spin-1/2 fermion, the decisive quantity is the deviation of its gyro-magnetic ratio $\documentclass[12pt]{minimal}
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From the theory side the potential to isolate effects of physics beyond the standard model is limited by the accuracy of the standard-model prediction. Typically the limiting factor is our incomplete understanding of the non-perturbative sector of the standard model, i.e. the low-energy sector of the strong interaction, which is governed by hadrons as the relevant degrees of freedom instead of the elementary quarks and gluons. In fact, for $\documentclass[12pt]{minimal}
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                \begin{document}$$(g-2)_\mu $$\end{document}$ the hadronic contributions by far dominate the uncertainties for the standard-model prediction. The largest hadronic contribution, hadronic vacuum polarization (HVP), enters at order $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =e^2/(4\pi )$$\end{document}$ and can be directly related to *one* observable quantity, the cross section of the reaction $\documentclass[12pt]{minimal}
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                \begin{document}$$e^+ e^- \rightarrow \,$$\end{document}$hadrons, by means of dispersion theory. In that way a reliable error estimate of HVP emerges from the knowledge of the experimental uncertainties in the measured cross section. At order $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha ^3$$\end{document}$ there are next-to-leading-order iterations of HVP as well as a new topology, hadronic light-by-light scattering (HLbL) \[[@CR2]\]. It was recently shown in \[[@CR3]\] that even next-to-next-to-leading-order iterations of HVP are not negligible at the level of accuracy required for the next round of $\documentclass[12pt]{minimal}
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                \begin{document}$$(g-2)_\mu $$\end{document}$ experiments planned at FNAL \[[@CR4]\] and J-PARC \[[@CR5]\], while an estimate of next-to-leading-order HLbL scattering indicated a larger suppression \[[@CR6]\].

With the increasing accuracy of the cross-section measurement for $\documentclass[12pt]{minimal}
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                \begin{document}$$e^+ e^- \rightarrow \,$$\end{document}$hadrons that can be expected in the near future \[[@CR7]\], the largest uncertainty for $\documentclass[12pt]{minimal}
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                \begin{document}$$(g-2)_\mu $$\end{document}$ will then reside in the HLbL contribution. The key quantity here is the coupling of two (real or virtual) photons to any hadronic single- or many-body state. This quantity is not directly related to a single observable. However, it is conceivable to build up the hadronic states starting with the ones most dominant at low energies, in particular the light one- and two-body intermediate states. Based on a dispersive description of the HLbL tensor an initiative has recently been started to relate the one- and two-pion contributions for HLbL scattering to observable quantities \[[@CR8]--[@CR10]\].[1](#Fn1){ref-type="fn"}

The present work should be understood as an input for this initiative. We focus on the lowest hadronic state, the neutral pion, and its coupling to two (real or virtual) photons (a similar program is currently also being pursued for $\documentclass[12pt]{minimal}
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                \begin{document}$$(g-2)_\mu $$\end{document}$ has been stressed early on, see e.g. \[[@CR1], [@CR15], [@CR16]\], and triggered many studies of the transition from factor in this context \[[@CR17]--[@CR25]\]. It is defined by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\int d^4x \, e^{iq_1\cdot x} \, i \langle 0 \vert T \, j_\mu (x) \, j_\nu (0) \vert \pi ^0(q_1+q_2) \rangle \nonumber \\&\quad = -\epsilon _{\mu \nu \alpha \beta } \, q_1^\alpha \, q_2^\beta \, F_{\pi ^0\gamma ^*\gamma ^*}(q_1^2,q_2^2), \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} j_\mu = e \, \sum \limits _f Q_f \, \bar{q}_f \gamma _\mu q_f \end{aligned}$$\end{document}$$denotes the electromagnetic current carried by the quarks and $\documentclass[12pt]{minimal}
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                \begin{document}$$f$$\end{document}$ (in units of the proton charge $\documentclass[12pt]{minimal}
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The normalization of the form factor is given by a low-energy theorem \[[@CR26]--[@CR28]\]. In the chiral limit one finds$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} F_{\pi ^0\gamma ^*\gamma ^*}(0,0) \rightarrow \frac{e^2}{4\pi ^2 F_\pi } \equiv F_{\pi \gamma \gamma }, \end{aligned}$$\end{document}$$which agrees with experiment to a remarkable accuracy; see \[[@CR29]\] for a recent review. In ([3](#Equ3){ref-type=""}) $\documentclass[12pt]{minimal}
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                \begin{document}$$F_\pi = 92.2\,\text {MeV}$$\end{document}$ denotes the pion decay constant \[[@CR30]\].

For the dispersive treatment of the HLbL contribution to $\documentclass[12pt]{minimal}
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                \begin{document}$$(g-2)_\mu $$\end{document}$ as envisaged in \[[@CR8]--[@CR10]\] one needs the pion transition form factor for arbitrary space-like virtualities $\documentclass[12pt]{minimal}
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                \begin{document}$$q_2^2$$\end{document}$ of the two photons. We will approach this aim in a multi-step process. In the present work we will formulate the dispersive framework for the general doubly-virtual transition form factor, but restrict the numerical analysis to the singly-virtual case, both in the space- and time-like regions. We will use data on $\documentclass[12pt]{minimal}
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                \begin{document}$$e^+e^-\rightarrow \pi ^0\gamma $$\end{document}$ as well as the space-like transition form factor to demonstrate the viability of the approach. While presently low-energy space-like data are scarce \[[@CR31], [@CR32]\], new high-statistics data can be expected in the near future from BESIII (see \[[@CR33], [@CR34]\]), which makes a calculation of the space-like singly-virtual form factor particularly timely. In a second step, the experimental information from $\documentclass[12pt]{minimal}
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                \begin{document}$$e^+e^-\rightarrow \pi ^0\gamma $$\end{document}$ both in space- and time-like kinematics will then serve as additional input for a full analysis of the doubly-virtual form factor.

The basic idea of the dispersive approach for the calculation of the pion transition form factor is its reconstruction from the most important intermediate states in the unitarity relation (see also \[[@CR34], [@CR35]\]). At low energies these are the two-pion and three-pion states with isospin $\documentclass[12pt]{minimal}
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                \begin{document}$$0$$\end{document}$, respectively. Assuming perfect isospin symmetry one of the two photons of the $\documentclass[12pt]{minimal}
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                \begin{document}$$s$$\end{document}$, respectively. Then at low energies the unitarity relation for $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma ^*_v \rightarrow \pi ^+ \pi ^- \rightarrow \gamma ^*_s \pi ^0$$\end{document}$; see the left diagram in Fig. [1](#Fig1){ref-type="fig"}. Additional inelasticities start contributing only at an invariant mass of the isovector photon above $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\langle 0 \vert j^\mu (0) \vert \pi ^+(p_+) \, \pi ^-(p_-) \rangle \nonumber \\&\quad =-e \, (p_+^\mu - p_-^\mu ) \; F_\pi ^V\!\left( (p_++p_-)^2\right) , \end{aligned}$$\end{document}$$and the amplitude for the $\documentclass[12pt]{minimal}
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                \begin{document}$$F_\pi ^V(0) = 1$$\end{document}$ has been studied in great detail both from the theoretical and experimental side; see e.g. \[[@CR36]--[@CR40]\]. It is closely related to the Omnès function to which we will come back in Sect. [2](#Sec2){ref-type="sec"}; see also \[[@CR41], [@CR42]\] for more details.

In contrast, the structure of the amplitude for $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma ^* \rightarrow 3\pi $$\end{document}$ is much more involved. It will be discussed in detail in Sect. [2](#Sec2){ref-type="sec"}. Its two-body unitarity relation, illustrated by the right diagram in Fig. [1](#Fig1){ref-type="fig"}, involves the rescattering of pion pairs, which can be resummed in terms of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi \pi $$\end{document}$ phase shift within the dispersive approach. While two-body unitarity is exact, we do not consider full three-body unitarity as required by the $\documentclass[12pt]{minimal}
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                \begin{document}$$P$$\end{document}$-wave final-state interactionsFig. 2Three-body unitarity relation for $\documentclass[12pt]{minimal}
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The rest of the paper is organized as follows: in Sect. [2](#Sec2){ref-type="sec"} we describe our framework for the determination of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma ^*\rightarrow 3\pi $$\end{document}$ amplitude. In Sect. [3](#Sec5){ref-type="sec"} we formulate the general dispersion relation for the pion transition form factor with arbitrary virtualities for the two photons. In Sect. [4](#Sec6){ref-type="sec"} we specialize the general framework to the case of one on-shell and one time-like photon. As a first application we will determine the cross section of the reaction $\documentclass[12pt]{minimal}
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                \begin{document}$$e^+e^-\rightarrow \pi ^0\gamma $$\end{document}$ and compare to the corresponding experimental results. Section [5](#Sec7){ref-type="sec"} is devoted to the analytic continuation into the space-like region as well as the calculation of the slope of the form factor at zero momentum transfer. The Dalitz decay region is discussed in Sect. [6](#Sec8){ref-type="sec"}. We close with a summary and outlook in Sect. [7](#Sec9){ref-type="sec"}. An appendix is added to discuss the comparison of our results to the simple vector-meson-dominance picture.
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                \begin{document}$$\gamma ^*\rightarrow 3\pi $$\end{document}$ amplitude {#Sec2}
=======================================================================================

Formalism {#Sec3}
---------

A key ingredient for the dispersive calculation of the pion transition form factor is the amplitude for the reaction $\documentclass[12pt]{minimal}
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Before turning to the fit results, we first summarize the various uncertainty estimates that we have performed in the context of our fits to $\documentclass[12pt]{minimal}
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Slope parameter and space-like form factor {#Sec7}
==========================================
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Finally, we use ([37](#Equ37){ref-type=""}) to perform the analytic continuation into the space-like region; see Fig. [5](#Fig5){ref-type="fig"}. We follow the convention of the experimental publications to plot $\documentclass[12pt]{minimal}
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So far we have not discussed the third kinematically accessible region of the singly-virtual transition form factor besides $\documentclass[12pt]{minimal}
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Summary and outlook {#Sec9}
===================

We presented the dispersive formalism to analyze the general doubly-virtual pion transition form factor. This includes all effects from elastic $\documentclass[12pt]{minimal}
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To extend the calculation to higher energies requires additional input. One could for instance match to the predictions of quark counting rules \[[@CR81]\], Regge theory \[[@CR35]\], or light-cone sum rules \[[@CR91], [@CR92]\]. In the time-like region, with consistency between $\documentclass[12pt]{minimal}
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Appendix A: Narrow-width approximation and comparison to vector-meson dominance (VMD) {#Sec10}
=====================================================================================

Within the narrow-width approximation we may replace \[[@CR42]\]$$\documentclass[12pt]{minimal}
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A different approach, based on dispersion relations for the Pauli form factor instead of the HLbL tensor, was recently proposed in \[[@CR11]\]. For a first calculation in lattice QCD, an alternative strategy to reduce the model dependence in the HLbL contribution, see \[[@CR12]\].

For a variant of this calculation see \[[@CR63]\].

At very low energies corrections to the low-energy theorem ([3](#Equ3){ref-type=""}) will become relevant, since the transition form factor is normalized to $\documentclass[12pt]{minimal}
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